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In this paper, we present a phenomenological picture based 
on the composite fermion theory, in responding to the recent 
discovery by Shahar et al. of a new transport regime near 
the transition from a. v = 1 quantum Hall liquid to a Hall 
insulator In this picture, the seemingly unexpected re- 
flection symmetry in the longitudinal resistivity p^x can be 
understood clearly as due to the symmetry of the gapful ex- 
citations which dominate a^x across the transition, and the 
abrupt change in a^y at the transition. The parameter a in 
the linear fit of vo{T) in ref is also given a simple physi- 
cal meaning and the effective mass can be calculated from a, 
which gives a reasonable value of several electron band mass. 
When taking into account the result of network model, the 
almost invariant Hall resistivity pxy across the transition is 
also well-understood. 



In the present research field of quantum Hall effect, 
there are two hot topics which are under intensive study 
both theoretically and experimentally. They are the 
anomalous new phase near v ^ 1/2 and the transition 
between a quantum Hall liquid (QHL) and a Hall insu- 
lator (HI) The composite fermion(CF) picture 0, 
where the fermionic Chern-Simons field theory |^ is em- 
ployed, is very successful in describing the former phe- 
nomena( and generally other even denominator cases), 
despite some ambiguities like the divergent effective mass 
to be clarified. In the CF theory, one can perform a sin- 
gular gauge transformation by attaching an even number 
of fiux quanta to an electron and obtain the quasiparticle 
of composite fermion. Near v = 1/2 the CFs experience 
a weak effective magnetic field if v deviates from 1/2. 
In the seminal paper by Halperin, Lee and Read the 
above CF theory was also extended to the case with dis- 
order and a qualitatively good phase diagram was sug- 
gested. A similar phase diagram was proposed by Kivel- 
son, Lee and Zhang Q, while they derived it from the 
composite boson(CB) picture, where the bosonic Chern- 
Simons field theory Q is used. In this picture, the tran- 
sition from a QHL to an HI can be intuitively mapped to 
a transition from superfluid to insulator of the CB sys- 
tem. The most attractive idea in this CB picture is the 
duality transformation between CB and vortex , which 
offers two bosonic descriptions of the quantum Hall sys- 
tem within the framework of Chern-Simons field theory. 
Considerable attention has been directed to this idea, be- 
cause of a recently reported experiment by the Princeton 



group Q , where substantial evidence for charge-flux du- 
ality was discovered. This result implies that the CB 
picture may be a more promising candidate of the phase 
transition theory in quantum Hall system, because of its 
natural inclusion of a charge-flux duality 

In their experiment, Shahar et al. |^ discovered a re- 
flection symmetry in filling factors for the longitudinal 
resistivity pxx between the 1 or 1/3 QHL and the HI, 
namely 



Pxx{v,T) = l/pxx{vd,T), 



(1) 



where Vd — 2vi^ — v ys, the dual factor, and Vf. = 0.562 is 
the critical filling factor at the transition for the situation 
of = 1 QHL. The range over which the above equation 
holds is impressively extensive, even beyond the scope of 
linear transport. There have been theoretical attempts 
to understand this symmetry by means of the self-duality 
symmetry of the CB theory |^ . However the microscopic 
justification of this approach is still far from complete. 

Further measure ment shows (see Figl of preprint 
cond-mat/9706045| ) 

P:ra;(i^,T) = exp[— ^], (2) 

where pxx is measured in units of its critical value Pxxc 
Ai/ = V — Vc, and i^oiT) is a T-dependent logarithmic 
slope, which can be fitted to the following linear form 



(3) 



where a and (3 are sample-dependent parameters. As 
they pointed out, the existence of a non-zero P implies 
the failure of any scaling arguments which are extensively 
used in understanding a continuous phase transition |ic| ] 
1 11 1 and the beautiful speculation of super-universality 
|12|. In this sense, they named it a novel transport regime 
which is distinct from both the fully developed QHL and 
the critical scaling regime. This somehow surprising re- 
sult surely deserves a thorough theoretical understand- 
ing. However it will not be the question we attempt to 
deal with in this paper. We will place emphasis on the 
parameter a which has received little attention, and a 
simple phenomenological picture based on the CF theory 
is proposed, where the surprising relation in eq (j^) can 
be understood easily ( excluding the non-zero (3), and the 
parameter a is given a clear physical meaning. 

First, let us give some observations which motivate the 
present study. In the CF picture of the half-filled Lan- 
dau level theory, the physics is basically symmetric near 
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V = 1/2. Namely, when v deviates from v = 1/2 a lit- 
tle, the CFs will experience an effective magnetic field 
B* oc Ai^, which leads to an energy gap A = , no 
matter whether it is on the left or right side of 1/2. How- 
ever, this symmetry seems to be broken when a QHL-HI 
transition occurs near 1/2 (we suppose Uc = 1/2 here, and 
leave the explanation of an experimentally larger Vc to 
the end of this paper). For example, in the above experi- 
ment, the behavior of pxx is quite different aX v < Vc and 

V > Vc- Since both QHL and HI are gapful ( although 
the nature of a Hall insulator is still elusive to us), it 
is reasonable to expect something continuous across the 
critical filling factor v^. As pointed out in ref the 
Hall resistivity Pxy is almost constant near the transition. 
Besides, we emphasize here that the longitudinal conduc- 
tivity axx will also be continuous and further more show 
a reflection symmetry near v,.. The microscopic origin 
of this symmetry is the speculation that the energy gap 
due to the effective magnetic field B* in the CP picture is 
symmetric around 1/2, if we ignore the possible influence 
of a B-dependent effective mass( we defer a discussion of 
it near the end of this paper) . We argue that the concept 
of CF quasi-particle is still useful near the QHL-HI tran- 
sition where certain amount of disorder exists. To justify 
this proposition, we can not approach 1/2 too closely, so 
as to maintain an energy gap large enough to avoid be- 
ing smeared by the disorder. Under this condition, axx 
will be of the form characteristic of a thermal excitation 
hopping mechanism 



T) oc exp(-w*/fcBr), 



(4) 



where uj* oc |Az/|, and h is set to unit. With regard to the 
above proposition, we further comment that: This ther- 
mal excitation form applied to general flUing factors is 
only conditionally reasonable: Generally, the highest oc- 
cupied Landau level (LL) for CFs is only partially filled, 
and both thermally excited inter LL hoppings and intra 
LL tunnelings contribute to Uxx- We argue that for T 
larger than the inter LL energy spacing w*, the former 
process will be fully developed and dominate the con- 
duction over the latter process. While for T approach- 
ing zero, the latter quantum tunneling process should 
be taken into account explicitly to explain the observed 
residue axx(T = 0) and the nonzero parameter /3. In this 
paper, we confine ourselves to the situation of T > uj* 
and leave the discussion of the zero-temperature conduc- 
tion to a later paper |Q . 

In spite of the above continuity around 1/2, there 
should be a sharp change in the Hall conductivity axy 
across the transition point. For v > 1/2 or the QHL 



phase, we have ax 



yh (T 0); while for v < 1/2 



or the HI phase, we get axy — * (T — > 0). This is also 
consistent with the well-known " fioating up" recipe , 
where the QHL-HI transition occurs at the crossing of 
the Fermi level with the lowest extended state and axy is 



determined by the number of extended states below the 
Fermi level. 

With the above results of conductivity, we can return 
to the case of resistivity, which is directly relevant to 
the experiments. We can obtain the resistivity tensor by 
conducting an inversion of the conductivity tensor. Let 
us turn to pxx first. 



When Aiy > 0, 



Pxx 



Pxx 



(7^ + fJ^ 

XX ' xy 



xy 
^ ^xx 



(5) 



(6) 



When Ai/ < 0, 



oc exp{~uj*/kBT). 



oc exp(w*/fcsT). 



(7) 



Combining the above results and the relation to* oc |Azy|, 
we can easily identify the refiection symmetry, 

PxxiAi^,T)^p-^{~Ai^,T). 

Therefore the reflection symmetry of pxx is due to the 
symmetric energy gap felt by the CFs and the sharp 
change in axy across the transition point. Compared with 
the argument of self-duality symmetry the present the- 
ory can not only explain the symmetric relation in eq (|^), 
but also give the concrete expression in eq (^. 

Then we turn to pxy and see why it remains almost 
invariant across the transition. 

When Aiy > 0, 



XX ' ^ xy 
~ <^xy 

as it should be for & v — 1 QHL. 

The situation of Av < is more subtle. 



(8) 



Jxy 



xy_ 
2 ' 



(9) 



We note that both the numerator and the denominator 
of eq (^) go to zero at the zero temperature limit. In an 
early calculation [|6| , the Kubo formula gave the follow- 
ing result under the condition that T = 0, 7^ 0, 



while 



^xx 

(w) oc iuj, 



axy{ui) oc 
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So the ratio has a finite value at the hmit w ^ 0. 
However, the more conventional way to compute conduc- 
tivity is to let uj approach zero first while retain a finite T, 
as it is in the present situation. We deem that the ratio 
will remain a finite value which depends on the concrete 
model of HI, such as the network model [0. In a recent 
detailed study by Dykhne and Ruzin , and Ruzin and 
Feng |l9| ], the finiteness of p^y is phrased in terms of a 
semi-circle law as following 



in the special case of the transition from a = 1 QHL to 
an HI. On omitting the higher order small term o^y, we 
can easily obtain a finite ratio at T — ^ 



2 

XX 



1, 



(10) 



where the unit of resistivity is h/e^. That is to say, p^y 
is continuous with the value h/e^ across the transition. 

Now let us compare the above results with the exper- 
iments performed by Shahar et al. The value of 
Pxy = h/e^ for Al/ > and the finite pxy at Aj/ < 
in eq (^0|) are consistent with the experiment, at least 
in the vicinity of Vc- This gives support to the present 
theory. However the most important touchstone of the 
above phenomenological picture is the parameter a de- 
rived from the measurement of p^x ■ If our theory is cor- 
rect, we should be able to obtain an effective mass m* 
from the value of a by means of the following equation 



(11) 



where n is the density of the two dimensional system. 
We then use the data from ref m to estimate the ef- 



10^°cm ^ and 



(12) 



fective mass m* . Substitute n — 
a = O.OSSX-i into eq (0), we get 

TO* = 5.36 X 10"^^ kg 
« 0.6 rrig 
« 6 mb, 



where we have used rri}, « O.lmg, and mg is the mass of a 
free electron. The m* obtained in this way is consistent 
pO| with the enhanced effective mass in the CF theory of 
half-filled Landau level (LL) Q and the relevant exper- 
imental results As we believe, this result can serve 
as a strong support to the present theory, even if a clear 
understanding of the finite /3 is still absent. 

We then turn to the consideration of the B-dependence 
of m* . In the above discussion, we limit ourselves to a 
small Aiy. However the experiment shows that the fit 
in eq (|^) is good even beyond small Av. In order to 
understand this in the present theory, we need to discuss 
the concrete B-dependence of m*. We notice that B* — 



B — Bi/2 in eq (^ gives & \/v factor, which should be 
cancelled by m* to ensure a strictly z/-independent vq{T). 
Therefore we expect the relation m* oc i? to hold here. 
This relation can be tentatively explained as a disorder 
potential induced effective mass which is defined by 



(Afc)^ [l/rain[lBM? 
2m* °^ 



2m* 



(13) 



oc 



2m* 

^ ^disorder J 

where Ib is the magnetic length, le is the average free 
path at i? = which represents the extent of disorder, 
Vdisorder is the evcrgy scale associated with the disorder 
potential which is supposed to be independent of i?. In 
arriving at the above results, we have used the data from 
ref the mobility p — 30000 cm'^/V ■ sec, the density 
n = 3 X 10^" cm^^, and calculate 



Ib 



2hpn 



2.5 



Therefore 



^ ;2 

cx B. 



(14) 



The above estimation can interpret the extensive fit of 
eq(^ away from Vc ||2^ ]. 

In the end, let us discuss the possible infiuence of a Vc 
larger than 1/2. In the situation of the transition from 
a. V = 1 QHL to an HI, the magnetic field is not very 
strong, so the mixing between the first and the second 
Landau level has to be considered. Therefore, when the 
first LL is half filled, a certain number of electrons will fill 
a small band tail of the second LL, so the measured filling 
factor is larger than 1/2. However if we concentrate on 
the first LL and ignore the contribution from the strongly 
localized electrons in the second LL, we can still use the 
formulation for half filled LL and as a result the use of 
CF picture is reasonable. 

In conclusion, we have proposed a phenomenological 
picture based on the CF theory, in order to understand 
the recent discovery of a new transport regime near the 
transition from a,v = 1 QHL to an HI. In this picture, the 
seemingly unexpected refiection symmetry can be under- 
stood clearly as due to the symmetry of the CF's gapful 
excitations and the sharp change in axy across the tran- 
sition. The parameter a which is used to fit the experi- 
ment is also given a simple physical meaning. Based on 
the present theory the effective mass can be calculated 
from a, which gives a reasonable value of several band 
mass mf). When taking into account the previous network 
model calculations, the almost invariant Hall resistivity 
Pxy across the transition is also understandable. 
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Before closing, we would like to comment that the use 
of a CF picture in the present theory does not exclude 
a possible explanation of the experiment based on a CB 
picture, as it was done in ref because there are certain 
correspondences between these two pictures. For exam- 
ple, the self-duality symmetry in the CB picture corre- 
sponds to the particle-hole symmetry in the CF picture. 
It is desirable to discuss the relation of the present CF 
theory to the CB theory which is based on self-duality. It 
will also be interesting to study what the present theory 
means to the quantum phase transition theory for the 
quantum Hall system, i.e. will it lead to a new universal 
class? These will be the focus of our future work. 

This work is supported in part by the NSF of P. R. 
China. 
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